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Abstract
We study the set Ak of integer sequences  = (1; : : : ; k), de3ned by
1
1
¿
2
2
¿ · · · k
k
¿ 0
and show that the generating function is
∑
∈Ak
q|| =
k∏
i=1
1 + qi
1− qi+1 ;
where ||= 1+· · ·+k . We establish this by giving a bijective proof of the following re3nement:
∑
∈Ak
q||u||vo() =
k∏
i=1
1 + uvqi
1− u2qi+1 :
To our knowledge this is a new result that complements the family of the Lecture Hall Theorems
(Ramanujan J. 1(1,2) (1997) 101, 165; J. Combin. Theory Ser. A 86(1) (1999) 63).
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1. Introduction
For a sequence =(1; 2; : : : ; k) of integers, de3ne the weight of  to be 1+· · ·+k
and call each i a part of . If  has all parts nonnegative, we call it a composition
and if, in addition,  is a nonincreasing sequence, we call it a partition.
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In [3], Bousquet-MEelou and Eriksson considered Lecture Hall Partitions, speci3-
cally, the set Lk of partitions, , into at most k parts satisfying
1
k
¿
2
k − 1¿ · · ·¿
k−1
2
¿
k
1
¿0
and proved the following surprising result, known as the Lecture Hall Theorem:
∑
∈Lk
q||=
k−1∏
i=0
1
1− q2i+1 : (1)
Subsequently, partition analysis was used by Andrews [1] to give an analytical
proof (with combinatorial aspects) and by Andrews et al. [2], to construct a bi-
jection. An elegant bijective proof of the Lecture Hall Theorem, due to Yee, appears
in [6].
A diGerent approach of Bousquet-MEelou and Eriksson [5] led to the Re9ned Lecture
Hall Theorem:
∑
∈Lk
q||uvo() =
k∏
i=1
1 + uvqi
1− u2qk+i ; (2)
where for a partition =(1; : : : ; k), o() is the number of odd parts of  and 
denotes the partition (1=k; 2=(k − 1); : : : ; k−1=2; k=1). Setting u= v=1 in
(2) gives (1). Yee gave also a beautiful bijective proof [7] of this result.
In this paper, we consider a new twist on these results by studying the set Ak of
compositions into at most k parts satisfying
1
1
¿
2
2
¿ · · · k
k
¿0:
We refer to these as Anti-Lecture Hall Compositions and show the following.
Theorem 1 (The Anti-Lecture Hall Theorem).
∑
∈Ak
q||=
k∏
i=1
1 + qi
1− qi+1 : (3)
In fact, we prove the following re3nement of (3):
Theorem 2 (The Re3ned Anti-Lecture Hall Theorem).
∑
∈Ak
q||u||vo() =
k∏
i=1
1 + uvqi
1− u2qi+1 ; (4)
where =(1=1; 2=2; : : : ; k=k) and o() denotes the number of odd parts of
a composition .
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The bijective proof we give follows the idea of Yee’s proof [7] of the Re3ned
Lecture Hall Theorem (2).
2. Proof of main result
De3ne the generating function:
Hk(u; v; q)=
∑
∈Ak
q||u||vo();
where, as in Theorem 2, =(1=1; 2=2; : : : ; k=k) and o() denotes the number
of odd parts of the composition .
Given an Anti-Lecture Hall Composition ∈Ak , we can write  as ((l1; : : : ; lk),
(r1; : : : ; rk)) where i = ili + ri, with 06ri6i − 1 for 16i6k. Then (l1; : : : ; lk)= .
Note that ∈Ak if and only if (i) l1¿l2¿ : : : lk¿0 and (ii) ri¿ri+1 whenever li = li+1.
Moreover, ||= ∑ki=1 ri + ili.
Proof of Theorem 2. Let Dk be the set of the partitions into distinct parts less than
or equal to k. Let Ek be the subset of Ak consisting of those  for which every li is
even. To prove Theorem 2 we give two bijections:
• A bijection between Ak and Dk ×Ek such that if (; ) is the image of  then
||+ ||= ||, ||+ L()= || and L()= o(), where L() is the number of
positive parts of .
• A bijection between Ek and the set Pk , of partitions into parts in the set {2; 3; : : : ;
k + 1}, such that if  is the image of  then ||= || and L()= ∑ki=1 li=2.
The 3rst bijection will show that
Hk(u; v; q)=
k∏
i=1
(1 + uvqi)Ek(u; q);
where
Ek(u; q)=
∑
∈Ek
q||u||:
The second bijection will show that
Ek(u; q)=
k+1∏
i=2
1
1− u2qi ;
completing the proof of (4).
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The rst bijection (between Ak and Dk ×Ek). Given ∈Ak we construct ∈Dk and
∈Ek with the following algorithm:
← empty partition
← 
While one of the li is odd do
d← max{i | li odd}
i← min{j¿d | j= k or ld ¿ lj+1 + 1 or rd¿rj+1}
(Note ld¿ld+1 by choice of d:)
ld← ld − 1
c← rd
For j from d to i − 1 do
rj ← rj+1 − 1
ri ← c
← ∪ i
Consider the jth iteration of the “while” loop. Let dj and ij the indices chosen during
that iteration. Then ldj , the last remaining odd li, is decreased by 1 and no other li is
altered during this iteration. Thus, dj ¿ dj+1¿1 and each iteration decreases by 1 the
number of odd li. Iteration j preserves the property ∈Ak , so at termination ∈Ek .
During iteration j, ldj is decreased by 1 and ij − dj of the ri are decreased by 1, so
the weight of  is decreased by dj + (ij − dj)= ij. Since the part ij is added to , the
weight ||= ||+ || is preserved. For each iteration of the loop, we decrease one odd
part, ldj , by 1 and add one part, ij, to , so ||+ L()= || and L()= o().
Clearly any part ij added to  satis3es 16ij6k, but we must verify that the parts
of  are distinct. We show ij+1 ¡ ij. At the beginning of iteration j, if t ¡ dj and lt
is odd, then either (i) lt ¿ ldj or (ii) lt = ldj and rt¿rdj = c. Then by choice of ij+1,
in case (i), ij+1 ¡ dj6ij. Since rij = c at the end of iteration j, in case (ii) we also
have ij+1 ¡ ij.
Example. Starting with =((7; 6; 4; 3; 3; 2); (0; 1; 1; 2; 2; 3)) we apply the 3rst bijection
and get
•  empty and =((7; 6; 4; 3; 3; 2); (0; 1; 1; 2; 2; 3)) (initially),
• d=5; i=6, =(6) and =((7; 6; 4; 3; 2; 2); (0; 1; 1; 2; 2; 2)) (iteration 1),
• d=4; i=4, =(6; 4) and =((7; 6; 4; 2; 2; 2); (0; 1; 1; 2; 2; 2)) (iteration 2),
• d=1; i=2, =(6; 4; 2) and =((6; 6; 4; 2; 2; 2); (0; 0; 1; 2; 2; 2)) (iteration 3).
We now de3ne the reverse bijection. Let =(1; : : : ; l) be a partition in Dk and 
a composition in Ek . Then we apply the following algorithm to create ∈Ak :
← 
For j from l downto 1 do
i← j
d← max{t6i | t=1 or lt−1 ¿ lt}
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c← rj
For t from d+ 1 to j do
rt ← rt−1 + 1
rd← c
ld← ld + 1
Note that at the end of each iteration,
• d is the largest index for which ld is odd,
• ld ¿ ld+1 = · · · = li¿li+1,
• rd+1¿ · · ·¿ri ¿ rd, and
• if ld= li+1 + 1 then rd¿ri+1.
Thus i is the smallest index greater than or equal to d such that li+1 ¡ ld + 1 or
li+1 = ld + 1 and rd¿ri+1. Therefore, the mapping is reversible and we have de3ned
a bijection.
The second bijection (between Ek and Pk). For ∈Ek , write  as ((l1; : : : ; lk), (r1; : : : ;
rk)) where i = ili + ri and 06ri6i − 1 for 16i6k. (Then r1 = 0.) We construct
∈Pk by specifying the multiplicity in , m(i), of each i∈{2; 3; : : : ; k + 1}:
m(k + 1) = rk +
lk
2
k;
m(i) = ri−1 − ri + li−1 − li2 (i − 1); 26i6k:
It is easy to see that we can reconstruct  from .
Note that m(i) is always nonnegative as ri−1 ¡ i and if ri−1 ¡ ri then li−1 ¿ li,
that is, li−1 ¿ li + 1 (since each li is even) and (li−1 − li)(i − 1)=2¿i − 1. Now we
must show that ||= ||:
||=
∑
i¿1
im(i)
= rk(k + 1) +
k∑
i=2
i(ri−1 − ri) + k(k + 1)lk =2 +
k∑
i=2
(i − 1)i(li−1 − li)=2
=
k∑
i=1
(ri + li((i + 1)i − i(i − 1))=2)
=
k∑
i=1
(ri + ili)= ||:
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Finally, we show that the number of positive parts of , L(), is half the sum of the
li.
L() =
k+1∑
i=2
m(i)
= rk +
k∑
i=2
(ri−1 − ri) + klk=2 +
k∑
i=2
= (i − 1)(li−1 − li)=2
=
k∑
i=1
li=2
Therefore, the second bijection satis3es the required conditions and Theorem 2 is
proved.
Example. Starting from =((6; 6; 4; 2; 2; 2); (0; 0; 1; 2; 2; 2)) we apply the second bijec-
tion and get =(7; 7; 7; 7; 7; 7; 7; 7; 4; 4; 3).
3. Concluding remarks
A re3nement of the Lecture Hall Theorem (1), diGerent from (2) was proved in [3]:
∑
∈Lk
x||oy||e =
k−1∏
i=0
1
1− xi+1yi ;
where ||o = 1+3+5+· · ·, and ||e = 2+4+6+· · ·. (This was further generalized
in [4].)
We have a conjecture as to the generating function for the corresponding re3nement
of the Anti-lecture Hall Theorem which we hope to be able to prove in ongoing work.
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